J. CLIMENT VIDAL A 2-categorial generalization
J. SOLIVERES TUR of the concept of institution

Abstract.  After defining, for each many-sorted signature X = (S,X), the category
Ter(X), of generalized terms for X (which is the dual of the Kleisli category for Tsx, the
monad in Set¥ determined by the adjunction Ts 4 Gx from Set® to Alg(X), the category
of X-algebras), we assign, to a signature morphism d from ¥ to A, the functor d, from
Ter(X) to Ter(A). Once defined the mappings that assign, respectively, to a many-sorted
signature the corresponding category of generalized terms and to a signature morphism
the functor between the associated categories of generalized terms, we state that both
mappings are actually the components of a pseudo-functor Ter from Sig to the 2-category
Cat. Next we prove that there is a functor Tr™, of realization of generalized terms
as term operations, from Alg(X) x Ter(X) to Set, that simultaneously formalizes the
procedure of realization of generalized terms and its naturalness (by taking into account
the variation of the algebras through the homomorphisms between them). We remark
that from this fact we will get the invariance of the relation of satisfaction under signature
change. Moreover, we prove that, for each signature morphism d from 3 to A, there exists
a natural isomorphism ¢ from the functor Tr® o (Id xd,) to the functor Tr* o (d* x Id),
both from the category Alg(A) x Ter(X) to the category Set, where d* is the value at
d of the arrow mapping of a contravariant functor Alg from Sig to Cat, that shows the
invariant character of the procedure of realization of generalized terms under signature
change. Finally, we construct the many-sorted term institution by combining adequately
the above components (and, in a derived way, the many-sorted specification institution),
but for a strict generalization of the standard notion of institution.

Keywords: Many-sorted algebra, generalized term, Kleisli construction, 2-institution on a
category, institution on a category.

1. Introduction.

The theory of institutions of Goguen and Burstall, which arose within the-
oretical computer science, in response to the proliferation of logics in use
there, is a categorial formalization of the semantic aspect of the intuitive
notion of “logical system”, and it has as objectives, according to Goguen
and Burstall in [15]: “(1) To support as much computer science as possible
independently of the underlying logical system, (2) to facilitate the transfer
of results (and artifacts such as theorem provers) from one logical system to
another, and (3) to permit combining a number of different logical systems”.

We recall that Goguen and Burstall in [12], p. 229, define an institution
as a category Sign, of signatures, a functor Sen from Sign to Set, giving the
set of sentences over a given signature, a functor Mod from Sign to Cat°®?,
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giving the category of models of a given signature, and, for each ¥ € Sign,
a satisfaction relation =5,C |Mod(X)| x Sen(X), where || is the endofunctor
of Cat which sends a category to the discrete category on its set of objects,
such that, for each morphism ¢: ¥ —=Y', the

Satistaction Condition. M’ |=xy p(e) iff (M) =y e,

holds for each M’ € |Mod(Y')| and each e € Sen(X) (Let us notice the
abuse of notation on the part of Goguen and Burstall about “p(e)” and
“o(M’)” in their formulation of the Satisfaction Condition. They should
literally be “Sen(p)(e)” and “Mod(p)(M’)”, respectively). Later on, in [15],
p. 316, they define an institution as a category Sign, of signatures, a functor
Sen from Sign to Cat (observe the large-scale change from Set to Cat in
this definition, we emphasize), giving sentences and proofs over a given
signature, a functor Mod from Sign to Cat®®, giving the category of models
of a given signature, and, for each ¥ € |Sign|, a satisfaction relation =xC
IMod(X)| x |Sen(X)| such that

Satisfaction Condition: M’ Ex Sen(p)s iff Mod(¢)M' Ex s, for each
¢: X—=Y'1in Sign, M’ € [Mod(X')| and s € |Sen(X)|, and

Soundness Condition: if M =y s, then, for each M € [Mod(X)| and
each s —=s¢' € Sen(X), M yx ¢

Besides, the same authors, in [15], p. 327, define, for a category V, a
generalized V-institution as a pair of functors Mod, from Sign°® to Cat,
and Sen, from Sign to Cat, with an extranatural transformation = from
|Mod(-)| x Sen(-) to V. Observe that the second concept of institution falls
under this last one because, taking as V the category 2, with two objects
and just one morphism not the identity, the existence of an extranatural
transformation from |[Mod(-)| x Sen(-) to 2 is equivalent to the above satis-
faction and soundness conditions. For a recent and thorough treatment of
the theory of institutions we refer the reader to the first part of [8].

This article deals with a category-theoretic investigation of various con-
cepts around the many-sorted equational logic and its connection with the
work of Goguen and Burstall on institutions. This has as a consequence
that the notion of institution is generalized towards two directions: (1) by
parameterizing its “truth-value structure” by an arbitrary category, and (2)
by allowing a 2-category structure on signatures, reflected in an appropriate
way on the mappings Mod and Sen. The first direction of generalization
integrates terms as “sentences” that are more basic and exhibit more struc-
ture than actual sentences, and the second allows for a very flexible notion
of specification morphism and of equivalence between specifications.
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Next we sketch an example (accurately developed in the second section)
that suggests the need to generalize the notion of institution. For Sig, the
category of many-sorted signatures, and Cat, the category of U-categories,
for a fixed Grothendieck universe U, the many-sorted term institution, Tm,
consists of: (1) the category Sig, (2) the contravariant functor Alg from Sig
to Cat, which sends X in Sig to Alg(X), the category of X-algebras, (3)
the pseudo-functor Ter from Sig to Cat, which sends ¥ in Sig to Ter(X%),
the category of generalized terms for 3, and (4) the pair (Tr,6), where Tr
is the family (TrE)EGSig, where, for each ¥ in Sig, Tr” is the functor from
Alg(X) x Ter(X) to Set that formalizes the realization of terms as term
operations on algebras, and 6 the family (Hd)deMor(Sig), where, for each
morphism d from ¥ to A in Sig, 69 is a natural isomorphism between two
suitable functors from Alg(A) x Ter(X) to Set, which shows the invariant
character of the procedure of realization of terms under signature change.

This, together with several similar examples, has led us to consider the
following generalization of the concept of institution, parameterized by a
given category C: a quadruple (Sig, Mod, Sen, (a, 3)), where Sig is a cate-
gory, Mod a pseudo-functor from Sig®® to Cat, Sen a pseudo-functor from
Sig to Cat, « consists, for each object 3 € Sig, of a functor ay from
Mod(X) x Sen(X) to C, 8 consists, for each morphism d: ¥ — A in Sig,
of a natural isomorphism B4 from the functor aa o (Idyoa(ay x Sen(d)) to
the functor ax o (Mod(d) x Idgen(s)), where o and 3 are subject to satisfy
some expected naturalness conditions. Obviously, any ordinary institution
(Sig, Mod, Sen, |=) is an institution. The richer structure of institutions ac-
commodate “term-institutions” such as the motivating example (and also
seem to accommodate non-classical logics) integrating terms as “sentence”
that are more basic and exhibit more structure than actual sentences built
of terms. In addition we have defined a notion of 2-institution, also param-
eterized by a given category C, which is roughly obtained by allowing the
category Sig to be a 2-category, letting Mod and Ter be pseudo-functors, and
(a, B) a pseudo-extranatural transformation which allows for a very flexible
notion of specification morphism and equivalence. Now, a 2-category struc-
ture on the class of many-sorted signatures is not easy to motivate, namely
it is not clear what the 2-cells should stand for. However, in [6], we have
appropriately motivated this new concept using as 1-cells the polyderivors,
which generalize (1) the standard morphisms, (2) the derivors between many-
sorted signatures, and (3) the families of basic mapping-formulas defined by
Fujiwara in [10] for the single-sorted case, and as 2-cells the transformations
between polyderivors, which generalize the equivalences between families of
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basic mapping-formulas also defined by Fujiwara in [11] for the single-sorted
case.

Although not covered in this work, we notice that many-sorted sig-
natures, polyderivors, and transformations between polyderivors yield a
2-category Sig,, which is the foundation for a very important example
of 2-institution on Set, precisely Tmy,, the term 2-institution of Fujiwara.
Moreover, from Sig,, it is possible to obtain in a derived way a 2-category
Spf,, of many-sorted specifications, 1-cells those polyderivors between the
underlying many-sorted signatures of the specifications that are compati-
ble with the equations, and 2-cells from a 1-cell into another a convenient
class of transformations between the polyderivors, which provides another
example of 2-institution, exactly Gpf,,, the specification 2-institution of Fu-
jiwara. All that is needed to prove the above assertions can be found in [6].
Let us point out that the importance of defining more and more general
(yet sufficiently insightful) morphisms between specifications resides in the
flexibility of algebraic specification notions such as embedding, refinement
or parametricity. Flexible specification morphisms yield flexible notions of
equivalence between specifications. In mathematics, equivalent classes of
algebras need not have the same signature, but rather have, natural, back
and forth mutual embeddings. In algebraic specifications, equivalence is
sometimes allowed to be even more flexible, e.g., the behavioral equivalence.
What makes two (many-sorted, first order) specifications equivalent? An
apparent general answer would be the existence of an isomorphism between
their classes of models (or of an isomorphism between behavioral classes).
However, this answer is seen to be extremely inadequate as soon as one no-
tices that any two proper classes are isomorphic. The notion of equivalence
has to have the models as final target, but it needs to be anchored into
syntax to make the equivalence constructible and usable. The 2-category
structure given by the polyderivors represents progress towards such general
and insightful specification equivalence.

We emphasize that attempts (1) to formalize the insight that syntax
of logics can be described as free algebras for a suitable signature and to
define logical systems based on such a formalization, or (2) to revise the
concept of institution in such a way that the inner structure of formulas
and, especially, generalized terms (or substitutions) are not entirely new
as shown by the following examples. In addition to charters and parch-
ments as in [15], galleries, see [25] (about which Goguen and Burstall in [15],
p- 330, say: “Galleries and the extranatural transformation formulation of
institutions, motivate our concept of generalized institution”), context insti-
tutions, see [27] (and [32]), and foundations, see [28]. However, none of them
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attempts a generalization of the notion of institution like that proposed in
this article along the lines of 2-categories and associated concepts.

Next we proceed to succinctly describe the contents of the following
sections.

The main goal of the second section is to construct the many-sorted
term institution. To attain such a goal we begin by defining MSet, the
category of many-sorted sets and many-sorted mappings, Sig, the cate-
gory of standard many-sorted signatures, and Alg, the category of stan-
dard many-sorted algebras and morphisms between many-sorted algebras
of different many-sorted signatures, through the Ehresmann-Grothendieck’s
construction applied, respectively, to suitable contravariant functors MSet,
Sig, and Alg. Then we prove that Alg is concrete and uniquely transportable
through a “forgetful” functor G into MSet xget Sig, and that the functor
G has a left adjoint T: MSet xget Sig—— Alg which transforms objects
of MSet Xget Sig into labelled term algebras in Alg and morphisms of
MSet xget Sig into translators between the associated labelled term alge-
bras in Alg. On the basis of the functor T we define, for every many-sorted
signature 3, the category Ter(X), of generalized terms for ¥, as the dual of
the Kleisli category for Tyx (the standard monad derived from the adjunc-
tion between the category Alg(3X), of 3-algebras, and the category Set”,
of S-sorted set), and we extend this procedure to a pseudo-functor Ter from
Sig to Cat which formalizes the procedure of translation for many-sorted
terms. Then, to account exactly for the invariant character of the proce-
dure of realization of the many-sorted terms in the many-sorted algebras,
under change of many-sorted signature, we show that there exists a pseudo-
extranatural transformation from a pseudo-functor obtained from Alg and
Ter to the functor Kget, which picks Set, both defined on Sig®® x Sig and
taking values in the 2-category Cat. Finally, after generalizing the concept of
institution by means, essentially, of the notion of pseudo-extranatural trans-
formation from a pseudo-functor to a constant functor, we obtain Tm, the
many-sorted term institution on Set.

In the third section we begin by defining, for a many-sorted signature
3, the concept of X-equation, but for the generalized terms in the cate-
gory Ter(X), the relation of satisfaction between many-sorted algebras and
3-equations, the consequence operator Cny;, and by translating, for a mor-
phism between many-sorted signatures, equations for the source many-sorted
signature into equations for the target many-sorted signature. Then we con-
tinue with the proof of the satisfaction condition and, after defining a con-
venient pseudo-functor from Sig to Caty), for an adequate Grothendieck
universe YV, we obtain £€Eq, the many-sorted equational institution on 2.
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Following this, after defining the category Spf, of many-sorted specifica-
tions and many-sorted specification morphisms, we prove the existence of
a contravariant functor, Alg®®, and of a pseudo-functor, Ter®?, from Spf
to Cat, that extend Alg and Ter, respectively. Then we state that from
Spf°P x Spf to the 2-category Cat there exists a pseudo-functor, obtained
from Alg®™ and Ter®?, and a pseudo-extranatural transformation from it to
the functor Kget, and from this we obtain Gpf, the many-sorted specification
institution on Set, and an institution morphism from Spf to Tm (actually,
Tm is a retract of &pf).

Every set we consider, unless otherwise stated, will be a U-small set or
a U-large set, i.e., an element or a subset, respectively, of a Grothendieck
universe U (as defined, e.g., in [23], p. 22), fixed once and for all. Besides,
we agree that Set denotes the category which has as set of objects U and
as set of morphisms the subset of U of all mappings between U-small sets,
and, depending on the context, that Cat denotes either, the category of
the U-categories (i.e., categories C such that the set of objects of C is a
subset of U, and the hom-sets of C elements of U), and functors between
U-categories, or the 2-category of the U-categories, functors between U-cat-
egories, and natural transformations between functors.

On the other hand, in all that follows we use standard concepts and
constructions from category theory, see e.g., [1], [4], [9], [18], [21], and [23];
classical universal algebra, see e.g., [7], [17], and [20]; categorical universal
algebra, see e.g., [2] and [22]; many-sorted algebra, see e.g., [2], [3], [16], [19],
and [24]; and “Goguen school” of institutions, see e.g., [13], [14], [8], [26], and
[30]. Nevertheless, we have generically adopted the following notational and
terminological conventions. For a set B, a family of sets (A4;);cr, and a family
of mappings (f;)ier in [[,c; Hom(B, A;), we denote by (fi),c; the unique
mapping from B to [[,.; A; such that, for every i € I, f; = pr;o(f;);c;, where
pr; is the canonical projection from [[,.; A; to A;. For a set S we agree upon
denoting by S* = (S*, A, A) the free monoid on S, where S*, the underlying
set of S*, is (J,,cy 5™, the set of all words on S, A the concatenation of words
on S, and A the empty word on S. For a word w on S, |w| is the length of
w. More specific notational conventions will be included and explained in
the successive sections.

2. The many-sorted term institution.

Our main aim in this section is to show that the concept of “derived operation
of an algebra”, also known as “term operation of an algebra”, elemental as it
is, but fundamental for universal algebra, can be naturally subsumed under
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the notion of institution (see for this notion, e.g., [15]), provided that an
institution is meant not to be an extranatural transformation (as in [15]) but
a pseudo-extranatural transformation (as defined at the end of this section).

To attain the aim just mentioned we begin by a careful examination of
the different types of things that are involved around it, namely many-sorted
sets, signatures, algebras, terms, and generalized institutions. More specif-
ically, in this section we define the category MSet of many-sorted sets, in
which the many-sorted sets will be labelled with the sets of sorts, by ap-
plying the Ehresmann-Grothendieck’s construction (henceforth abbreviated
to EG-construction) (see [9], pp. 89-91 and [18], pp. (sub.) 175-177) to a
contravariant functor MSet from Set to Cat. Following this we define the
categories Sig, of many-sorted signatures, and Alg, of many-sorted algebras,
by applying also the EG-construction to suitable contravariant functors Sig
from Set to Cat, and Alg from Sig to Cat, respectively.

Besides we prove the existence of a left adjoint T to a “forgetful” functor
G from Alg to MSet xget Sig, and from this left adjoint T we define
a pseudo-functor Ter from Sig to Cat which formalizes the procedure of
translation for many-sorted terms.

Finally, to account exactly for the invariant character of the realization
of many-sorted terms in many-sorted algebras under change of many-sorted
signature, we prove the existence of a pseudo-extranatural transformation
from a pseudo-functor on Sig°® x Sig to Cat, induced by Alg and Ter, to
the functor Kget, between the same categories, which picks Set. Then, after
providing a generalization of the ordinary concept of institution, we prove
that the pseudo-extranatural transformation is, to be more precise, part of
an institution on Set, the so-called many-sorted term institution.

Before stating the first proposition of this section, we agree upon calling,
henceforth, for a set (of sorts) S € U (recall that U is the set of objects
of Set), the objects of the category Set® (i.e., the elements A = (Ay)scs
of U) S-sorted sets; and the morphisms of the category Set® from an
S-sorted set A into another B (i.e., the ordered triples (A, f, B), abbrevi-
ated to f: A——= B, where f is an element of [[ . Hom(Ay, B)) S-sorted
mappings from A to B. Furthermore, we also agree that a pseudo-functor
F from a category C to a 2-category D consists of the following data:

1. An object mapping F': Ob(C)—Ob(D).

2. For every z,y € C, an hom-mapping F from the set of morphisms
Home(z,y) to the set of morphisms Homp (F(x), F(y)).

3. For every morphisms f: x —=y and g: y —z in C, an isomorphic 2-cell
759 from F(g) o F(f) to F(go f).
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4. For every = € C, an isomorphic 2-cell v* from idp(y) to F(idy).
These data must satisfy the following coherence axioms:

1. For morphisms f: x——=y, g: y—==z, and h: z—t in C,
Y9I o (idpny * y9) = AP0 0 (491 s idp(y)).
2. For a morphism f: x——y in C,
idp(s) = 7% o (idp(p) * v") and idp(py =% o (V¥ *idp(p).

In the following proposition, that is basic for a great deal of what follows,
for a mapping ¢ from S to T, we prove the existence of an adjunction
]_Lp 4A, from the category of S-sorted sets to the category of T-sorted sets,
as well as the existence of a contravariant functor MSet and of a pseudo-
functor MSet" (related, respectively, to the right and left components of the
adjunction) from Set to Cat.

PROPOSITION 2.1. Let p: S——=T be a mapping. Then there are functors
A, from Set™ to Set® and [, from Set® to Set” such that [, 1A, We
write 0¥, %, and ¥, respectively, for the natural isomorphism, the unit, and
the counit of the adjunction. Besides, there exists a contravariant functor
MSet from Set to Cat which sends a set S to the category MSet(S) = Set®,
and a mapping ¢ from S to T to the functor A, from Set” to Set®; and a
pseudo-functor MSet™ from Set to the 2-category Cat given by the following
data

1. The object mapping of MSet!™ is that which sends a set S to the category
MSet"(S) = Set”.

2. The morphism mapping of MSet! is that which sends a mapping ¢ from
S to T to the functor MSet" () = [1, from Set” to Set”.

3. For every ¢: S—=T and ¢: T—=U, the natural isomorphism ~v¥
from ]_Lp OLLP to Hl/)oso s that which is defined, for every S-sorted set
A, as the U-sorted mapping from [1,(I1, A4) to [1y., A that in the u-th
coordinate, with w € U, is ((a,s), ¢(s)) — (a,s), if there exists an s € S
such that u = 1(p(s)), and is the identity at &, otherwise.

4. For every set S, the natural isomorphism v° from Idgys to Hids 1s that
which is defined, for every S-sorted set A and s € S, as the canonical
isomorphism from As to Ag x {s}.
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Proor. Let A, be the functor from Set” to Set® defined as follows: its ob-
ject mapping sends each T-sorted set A to the S-sorted set A, = (Ay(s))sess
i.e., the composite mapping A o ; its arrow mapping sends each T-sorted
mapping f: A—— B to the S-sorted mapping f, = (f,(s))ses: Ap—= By.
Let ]_Lp be the functor from Set® to Set” defined as follows: its object map-
ping sends each S-sorted set A to the T-sorted set [{, A = (Hse¢_1[t] As)ier;
its arrow mapping sends each S-sorted mapping f: A——= B to the T-sorted
mapping [], f = (e,-11g fo)ter: 11, A— 11, B. Then the functor [,
is a left adjoint for A,. Indeed, let A be an S-sorted set, then the pair
(n4, 11, A), where 77 is the S-sorted mapping from A to Ay([],4) =
(ergo—l[ga(s)}Aw)ses whose s-th coordinate, for s € S, is the canonical em-
bedding from A to Hme(p,l[@(s)} A,, is a universal morphism from A to
A,. This is so because, for a T-sorted set B and an S-sorted mapping
f: A— B, the T-sorted mapping 8= (ff)teT from ]—Lp Ato B, where, for
teT, ff is the unique mapping [fs|se,—1py from Hsewl[t]As to By = B
such that, for every s € ¢~ 1[t], the following diagram commutes

ing
As Hs@p*l[t}As

[fS]SE(,O_l[t] = ft§

B, =B

fs

w(s)

is such that f = Ag( Mo n% and unique with such a property.

Otherwise stated, ]_Lp A is, simply, Lan A, i.e., the left Kan extension of
A along ¢, recalling that every set is the set of objects of a discrete category
and every mapping between sets the object mapping of a functor between
discrete categories.

Let us recall that, for each S-sorted set X and each T-sorted set A,

0}'}’14 : Homgr (Hso X, A)—Homg,s(X, A,),

the value of the natural isomorphism 6% at (X, A), can be expressed in terms
of n%, for each T-sorted mapping f: ]_Lp X—A, as

0§7A(f) =foong: X—=A,.

To prove that MSet" is a pseudo-functor, it is enough to verify the
coherence axioms. But given the situation

S¢T¢U£X,
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the following diagrams commute

idH5 K oY
Hg o Hw © H@ Hg © ]_pr
,Yw,ﬁ * idLLO ,ywocp,ﬁ
o
Hgoqj; H(p f)ﬁP,EOw Hﬁoq/)ocp
idLLp * 15 vl id]_La
LL; oldgeys HLp ° Hids Idgeyr © HLp HidT © H(p
id]—Lp ryld57<p idLLP 7@71dT

Hso Hwoids Hw HidTow

idpy_ idpp
|

Henceforth, when dealing with a pseudo-functor we will restrict ourselves
to define explicitly only its object and morphism mappings, if about the
remaining data and conditions there is not any doubt.

By applying the EG-construction to MSet we obtain the category of
many-sorted sets as stated in the following definition.

DEFINITION 2.2. The category MSet, of many-sorted sets and many-sorted
mappings, is given by MSet = fset MSet. Therefore MSet has as objects
the pairs (S5, A), where S is a set and A an S-sorted set, and as morphisms
from (S, A) to (T, B) the pairs (¢, f), where ¢: S—T and f: A—DB,.

Our next goal is to define the category Sig. But before doing that we
agree that, for a set of sorts S in U, Sig(.S) denotes the category of S-sorted
signatures and S-sorted signature morphisms, i.e., the category Set® <%
where S* is the underlying set of the free monoid on S. Therefore an S-sorted
signature is a function X from S* x S to U which sends a pair (w, s) € S* xS
to the set ¥, s of the formal operations of arity w, sort (or coarity) s,
and biarity (w,s); and an S-sorted signature morphism from ¥ to ¥/ is an
ordered triple (¥, d, ¥'), written as d: ¥ —=¥', where d = (duw,s) (w,s)cs* x5 €
[L(w,5)es+xs Hom(Zw,s, Xy, ). Thus, for every (w,s) € S* xS, dy,s is a
mapping from ¥, s to 3, ; which sends a formal operation o in ¥, s to the
formal operation dy s(o) (d(o) for short) in ¥, ..
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PROPOSITION 2.3. There exists a contravariant functor Sig from Set to Cat.
Its object mapping sends each set of sorts S to Sig(S) = Sig(S); its arrow
mapping sends each mapping ¢ from S to T to the functor Sig(p) = Aysx,
from Sig(T) to Sig(S) which relabels T-sorted signatures into S-sorted sig-
natures, i.e., Sig(y) assigns to a T-sorted signature A the S-sorted signature
Sig(¢)(A) = Agprxyp, and assigns to a morphism of T-sorted signatures d
from A to A" the morphism of S-sorted signatures Sig(¢)(d) = dyrx, from
ALp*XgD to Aip*Xgo'

By applying the EG-construction to Sig we obtain the category of many-
sorted signatures as stated in the following definition.

DEFINITION 2.4. The category Sig, of many-sorted signatures and many-
sorted signature morphisms, is given by Sig = [ Set Sig. Therefore Sig has
as objects the pairs (S, %), where S is a set of sorts and ¥ an S-sorted sig-
nature and as many-sorted signature morphisms from (S,%) to (7, A) the
pairs (¢, d), where ¢: S——=T is a morphism in Set while d: ¥ —= A rxy,
is a morphism in Sig(S). The composition of (¢,d): (S,%X)—(T,A) and
(¢,e): (T,A) —=(U, ), denoted by (¢, e)o(¢,d), is (1 op, eprx,0d), where
eorxp’ Nprxo = (Qyr xyp) o= o (= Qpoy)* x (oy) ) Henceforth, unless other-
wise stated, we will write 3, A, and € instead of (S5, %), (T,A), and (U, Q),
respectively, and d and e instead of (¢, d) and (¢, e), respectively. Further-
more, to shorten terminology, we will say signature and signature morphism
instead of many-sorted signature and many-sorted signature morphism, re-
spectively.

Since it will be used afterwards we introduce, for a signature 3, an
S-sorted set A, an S-sorted mapping f from A to B, and a word w on
S, i.e., an element w of S*, the following notation and terminology. We
write A, for Hie‘w‘ Ay, where, we recall, |w| is the length of w, and f,
for the mapping Hi€|w| fuw; = <fwZ o prwi>i€|w| from A, to B, which sends
(ai)icqw| In Ay to (fu;(@i))icpw| in Bw, where, for each i € |w]|, pr,, is the
canonical projection from A, to A,,. Moreover, we let Og(A) stand for the
S* x S-sorted set (Hom(Awy, As))(w,s)esxs and we call it the S* x S-sorted
set of the finitary operations on A.

We next turn to defining the category Alg of many-sorted algebras. But
before doing that we agree that, for a signature 3, Alg(3X) denotes the
category of ¥-algebras (and ¥-homomorphisms). By a ¥-algebra is meant
a pair A = (A, F), where A is an S-sorted set and F' a X-algebra structure
on A, ie., a morphism F' = (Fys)w,sessxs in Sig(s) from X to Os(A)
(for a pair (w,s) € S* x S and a 0 € ¥, ,, to simplify notation we let F,
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stand for F, ¢(c)). Sometimes, to avoid any confusion, we will denote the
>-algebra structure of a -algebra A by F4 and the components of F4 as
FA. A 2-homomorphism from a Z-algebra A to another B = (B, G), is
a triple (A, f,B), written as f: A——=B, where f is an S-sorted mapping
from A to B that preserves the structure in the sense that, for every (w, s)
in S* x S, every o in ¥y 5, and every (a;);e|| in Aw, it happens that

fs(Fa((ai)i€|w|)) - Ga(fw((ai)i€|w|))‘

PROPOSITION 2.5. There exists a contravariant functor Alg from Sig to
Cat. Its object mapping sends each signature ¥ to Alg(X) = Alg(X), the
category of X-algebras; its arrow mapping sends each signature morphism
d: X—=A to the functor Alg(d) = d*: Alg(A)—Alg(X) defined as
follows: its object mapping sends each A-algebra B = (B,G) to the 3-al-
gebra d*(B) = (B, GY), where G9 is the composition of the S* x S-sorted
mappings d from X to Apexy and Gorexy from Ngexy to Or(B)erxy (for
o € Yy, to shorten notation, we let Gy) stand for the value of G at
o); its arrow mapping sends each A-homomorphism f from B to B’ to the
3-homomorphism d*(f) = f, from d*(B) to d*(B’).

PROOF. For every A-algebra B = (B, G) it is the case that G is a morphism
from A to Op(B). Then, by composing d and G« x,, and taking into account
that Op(B)y»x is identical to Og(B,,), we infer that G4 = Gy 0d is a
Y.-algebra structure on the S-sorted set B,. On the other hand, for every
(w,s) in §* x S and every o € ¥y 5, it happens that d(0) € Ags(w)e(s)-
Thus, f being a A-homomorphism from (B,G) to (B',G’), we infer that
Fo()°G(o) = Glyoyo o+ () Hence (£,)50GS = Gilo(f)uw, since GE = Gy

and Gf,d = G’d(g). Therefore f, is a ¥-homomorphism from (B, G9) to

(B}, G").
Since identities and composites are, obviously, preserved by d*, it follows
that d* is a functor from Alg(A) to Alg(X). ]

By applying the EG-construction to Alg we obtain the category of many-
sorted algebras as stated in the following definition.

DEFINITION 2.6. The category Alg, of many-sorted algebras and many-
sorted algebra homomorphisms, is given by Alg = [ Sig Alg. Therefore the
category Alg has as objects the pairs (3, A), where X is a signature and A
a X-algebra, and as morphisms from (X, A) to (A, B), the pairs (d, f), with
d a signature morphism from ¥ to A and f a 3-homomorphism from A to
d*(B). Henceforth, to shorten terminology, we will say algebra and algebra
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homomorphism, or, simply, homomorphism, instead of many-sorted algebra
and many-sorted algebra homomorphism, respectively.

PROPOSITION 2.7. The category Alg is a concrete and uniquely transportable
category.

PROOF. It is enough to specify a functor from Alg to a convenient category
of sorted sets labelled by signatures.

Let Guset be the forgetful functor from Alg to MSet (that is not a
fibration), maje the projection functor for Alg, and (MSet xg¢¢Sig, (Po, P1))
the pullback of the projection functors myige; and msie, for MSet and Sig,
respectively, where

1. the category MSet xget Sig has as objects, essentially, triples (S, X, A),
with (S5,3) a signature and A an S-sorted set, and as morphisms from
(S,%,A) to (T, A, B) triples (¢, d, f), such that (¢, d) is a signature mor-
phism from (S, Y) to (T, A) and (¢, f) a mapping from (S, A) to (T, B),
while

2. Py is the functor from MSet X get Sig to M Set which sends a morphism
(p,d, f) from (S,%, A) to (T, A, B) to the morphism (¢, f) from (5, A) to
(T, B), and P is the functor from MSet X get Sig to Sig which sends a
morphism (¢, d, f) from (S,%, A) to (T, A, B) to the signature morphism
(p,d) from (S,%) to (T, A).

Then we have that the structural functors Py and P are fibrations (the proof
is straightforward), and that the unique functor G: Alg——MSet X ge¢ Sig
such that Pg o G = Gmset and Py o G = may,, as in the following diagram

\ G
o . Py .
MSet xget Sig ———— Sig
GMSet P()J/ LWSig
MSet T s Set

makes the category Alg a concrete and uniquely transportable category on
the category MSet Xget Sig. [ |

Before we prove the existence of a left adjoint T to the functor G from
Alg to MSet xget Sig, we agree on the following notation and terminology.
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For a signature ¥ in Sig, the functor Ty from Set” to Alg(X) is the left
adjoint to the forgetful functor Gy from Alg(X) to Set®. For a signature
3 and an S-sorted set of variables X, Tx(X) is the free (also called the
term or word) X-algebra on X, and nx is the insertion (of the generators)
X into Ts(X), the underlying S-sorted set of Tx(X). For the convenience
of the reader we next recall the construction of Tx(X). For a signature X
in Sig and an S-sorted set (of variables) X, we define a 3-algebra Ws(X),
the X-algebra of X-rows in X, as follows: Wx(X) = (Wx(X),)scs, the
underlying S-sorted set of Wx(X), is ([[Z L[] X)*)ses, i-e., for every s
in S, W(X), =([IXI][X)*, where ([[X II[] X)* is the underlying set
of the free monoid on [[E I [[X. On the S-sorted set Wx(X) we define
a X-algebra structure by concatenation; thus, for every (w,s) € S* x S and
every o € X s, Iy, the structural operation associated to o, is the mapping
from Wx(X), to We(X),, ie., from ([[Z T[] X)) to (JIZ ] X)*,
which sends (P;);e o in ([T ST X)) to (o) & Asepe P in (1T ST X)*,
i.e., to the concatenation of (¢) and the concatenation of the words P; in the
family (P;);g|w|, Where (o) is the image of o under the canonical embeddings
from ¥, s to ([[X T[] X)*. Then Tx(X), the free 3-algebra on X, is the
subalgebra de Wx(X) generated by the S-sorted set ({(z) | x € Xs})ses,
where, for every s € S and every x € X, (x) is the image of = under the
canonical embeddings from X to (J[[X L[] X)*.

The following diagrams show the aforementioned canonical embeddings
from Xy, resp., Xu.s, to Wx(X),:

in X, in]_[ X

X, 11X nizujx

[[SU[IX IS UITX)*

nisujrx

R N | LI 1B (I3 1] X)"

1 —— (07 (w7 3)) — ((07 (w7 S))v 0) — (((0’, (w7 3))7 O)) = (U)

For a X-algebra A and a wvaluation f of the S-sorted set of variables X
in A, i.e., an S-sorted mapping f from X to A, we will denote by f* the
canonical extension of f to Tx(X), i.e., the unique 3-homomorphism from
Tx(X) to A such that ffony = f. For an S-sorted mapping f from X to Y,
we will denote by f© the unique X-homomorphism from Ts(X) to Tx(Y)
such that f®onx = ny o f, i.e., the value of the functor Ts; at f. Therefore
f@is also (ny o f )ﬁ. Moreover, by transposing to the many-sorted case the
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terminology coined for the single-sorted case, we call, for s € S, the elements
of Tx(X)s, many-sorted terms for ¥ of type (X, s), henceforth abbreviated
to terms for X of type (X, s), or, simply, to terms of type (X, s).

The functor T, which will be obtained from the family (Tx)sesig, al-
low us to obtain translations between free algebras and will be used, after
defining in the third section the many-sorted equations, to translate, for
a signature morphism, many-sorted equations for the source signature to
many-sorted equations for the target signature. This translation of equa-
tions, together with the invariant character of the relation of satisfaction
under change of notation, will allows us to define, also in the third section,
the many-sorted equational institution (which is more general than that de-
fined by Goguen and Burstall in [15] and, in addition, embodies the essentials
of semantical many-sorted equational deduction).

PropoSITION 2.8. There exists a functor T: MSet Xget Sig— Alg left
adjoint to the functor G from Alg to MSet Xget Sig.

PrOOF. The functor T from MSet Xget Sig to Alg defined on objects
(8,2, X) by T(S,%, X) = (3, Tx(X)) and on arrows (¢, d, f) from (S, X, X)
to (T,A,Y) by T(p,d, f) = (d,f9): (Z,Tg(X))—= (A, TA(Y)), where
fd= ((ny)ipof)jj is the canonical extension of the S-sorted mapping (ny),o f
from X to TA(Y), to the free X-algebra on X, is left adjoint to the functor
G. |

For a morphism (¢, d, f): (S,%,X)—(T,A,Y) in MSet xget Sig, the
functor T acting on (p, d, f) allows us to obtain the X-homomorphism f9
from Tx(X) to To(Y),. Hence, for each s € S, fd translates terms for
3 of type (X,s) into terms for A of type (Y,p(s)). In particular, the
unit n¥ of the adjunction ]_Lp 4 A, provides, for each S-sorted set X, the
S-sorted mapping 7% : X *>(]_[(p X), and if d is a morphism of signa-
tures from X to A, then (p,d,n%): (5,2, X)— (T, A, [1,X) is a mor-
phism in MSet xget Sig. Hence the functor T acting on (¢, d, n%) deter-
mines the morphism (d,7$) from (2, Tx(X)) to (A, Ta([I, X)), where
ny = ((77H¢X)¢,on“)'})ﬁ is the 3-homomorphism from Tx(X) to Ta([[, X),
that extends the S-sorted mapping (an;X)%@ ony from X to TA(I, X)e-
Therefore, for every s € S, U}igs translates terms for 3 of type (X, s) into
terms for A of type ([[,X,¢(s)). The X-homomorphisms NS, as stated
in the following proposition, are to be more precise the components of a
natural transformation, and this contributes to explain their relevance as
translators.
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PROPOSITION 2.9. Let d = (p,d) be a morphism of signatures from X =
(S,%) to A = (T,A). Then the family n¢ = (n$) xeu, which to an S-sorted
set X assigns the B-homomorphism n$ from Tx(X) to Ta(l, X)y, is a
natural transformation from Ty to d* o Ty o HW and so, for the forgetful
functor Gy from Alg(X) to Set®, the family Gs *n9, i.e., the horizontal
composition of the natural transformations nd and idgy,, also denoted by
nd, is a natural transformation from Ts, = Gx o Tyx to AgyoTp o Hso
(see the diagram below), taking into account that Gs; o d* = A, 0 Ga and
Ta =GaroTj).

Tx
/,.._._.\
Set® Alg(® Jidgy Set®

)
\ $nd / ~__ 7
Gxs
d*
1 (A)

Set’ __Alg
Ta

GgoTxy =Ts

= Set® |G xnd Set®

\_//

Ggod*OTAOH@:A@OTAOHW

PRroOF. It follows after the commutativity of the following diagram

Ts(X) fe Tx(Y)
/! \ i ‘
Xy o
/o x Sy
X | f Y |
| TA(LX)p —— (1, S — = Ta(LY),
LT W o e
| e | M

(Yo
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The contravariant functor Alg from Sig to Cat is not only useful to
construct the category Alg. Actually, as we will show from here to the end
of this section, Alg, together with a pseudo-functor Ter from Sig to Cat,
and a pseudo-extranatural transformation (Tr,6) (from a pseudo-functor
on Sig° x Sig to Cat, induced by Alg and Ter, to the functor Kget, be-
tween the same categories, which picks Set), will enable us to construct
a new institution on Set, the many-sorted term institution, denoted by
Tm = (Sig, Alg, Ter, (Tr,0)), but for a concept of institution that is strictly
more general than that of generalized V-institution defined by Goguen and
Burstall in [15].

For the institution ¥m on Set, as we will prove, it happens that the
existence of the pseudo-functor Ter follows from the fact that, for every sig-
nature 3, the terms for 3, understood in a generalized sense to be explained
below, have a categorical interpretation as the morphisms of a suitable cat-
egory Ter(X). Furthermore, the component Tr of the pseudo-extranatural
transformation (Tr,0) depends for its existence on the fact that the gener-
alized terms have canonically associated generalized term operations on the
algebras. Therefore, to proceed properly, we should begin by defining, for
a X-algebra A and an S-sorted set X, the concepts of many-sorted X-ary
operation on A and of many-sorted X-ary term operation on A, and the
procedure of realization of terms P of type (X, s) as term operations P4 on
A.

DEFINITION 2.10. Let X be an S-sorted set, A a X-algebra, s a sort in
S and P € Tx(X),s a term for ¥ of type (X,s). Then the X-algebra of
the many-sorted X-ary operations on A, Ox(A), is A4X, ie., the direct
Ax-power of A, where Ay is Hom(X, A), the (ordinary) set of the S-sorted
mappings from X to A. We recall that in the X-algebra Ox(A), for every
(w,s) € S* xS and every o € ¥, s, the structural operation F; is a mapping
from (A4%), = [Ticu| AﬁZX to AX. We next turn to explicitly define F,.
Let (P;)icw| be a family in (A4x),,. Then, taking into account that A, is
the product of the family (A, );cjw|, there exists, by the universal property
of the product, a unique morphism (P;) icluwl from Ax to Ay such that, for
every i € |w|, the following diagram commutes

Ax

(Pi)iciul
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Then the structural operation F, is defined as:

F { (AAX),, — A

(P)icjw| — Fo <Pi>z‘e|w|

where FA denotes the structural operation in A associated to o.

For abbreviation we let X-ary operations on A stand for many-sorted
X-ary operations on A. The X-algebra of the many-sorted X-ary term
operations on A, Terx(A), is the subalgebra of Ox(A) generated by

,P)‘é - (,P)I%,S)SES = ({prﬁ,s,x ’ zr € X })8657

the subfamily of Ox(A) = AAX, where, for every s € S and every z € Xj,
prﬁ’s@ is the mapping from Ay to As which sends a € Ax to as(x). For ab-
breviation we let X-ary term operations on A stand for many-sorted X-ary
term operations on A. We denote by TrXA the unique X-homomorphism
from Tx(X) to Ox(A) such that pr{ = Tr*# onx, where pry is the
S-sorted mapping (pr’;‘(? o)ses from X to Ox(A) whose s-th coordinate, for
each s € S, is pr‘)“gs = (pr‘;‘(’&x)xexs. For abbreviation, we let PA stand for

the image of P under Trf’A7 and we call the mapping P? from Ay to As,
the term operation on A determined by P, or the term realization of P on
A (also called by Computer Scientist the evaluation of P on A). For sim-
plicity of notation, we continue to write TrX** for the co-restriction of the
>-homomorphism TrX4: Tx(X)—>O0x(A) to the subalgebra Terx(A)
of Ox(A).

We recall that, for nx: X —Tx(X), the insertion of the generators X
into Tx(X), TrXAnx[X]] is also Terx (A).

REMARK. What we have called term operations on A are also known, for
those following the terminology in Gréatzer [17], pp. 37-45, and Jénsson [20],
pp- 83-87, as polynomial operations of A, and, for those following that one
in Cohn [7], pp. 145-149, as derived operators of A.

Following this we state the fundamental facts about term operations of
different arities on the same algebra. These facts are, actually, the categorical
counterpart and the generalization to the many-sorted case of some of those
stated by Schmidt in [29], pp. 107-109.

PropPOSITION 2.11. Let A be a 3-algebra and f: X —=Y an S-sorted map-
ping. Then there exists a unique X-homomorphism Ters(A) from Terx (A)
to Tery (A) such that Tr¥® o f@ = Terj(A) o TrX*. Besides, for every
S-sorted set X, we have that Teriqy (A) = idyery(a), and, if g: Y —=Z is
another S-sorted mappings, then Tergor(A) = Terg(A) o Terg(A).
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What we want to prove now is the compatibility between the translation
of terms and their realization as term operations on the algebras. But for
this it will be shown to be useful to take into account the following auxiliary
functors and natural transformation.

DEFINITION 2.12. For a mapping ¢: S—=T, an S-sorted set X, a T-sorted
set Y, and an S-sorted mapping f: X —=Y,, we have the following functors
and natural transformation: (1) H(Y,-) is the covariant hom-functor from
Set” to Set, which, we recall, sends a T-sorted set A to the set H(Y,-)(A) =
Ay, and a T-sorted mapping u from A to B to the mapping H(Y,-)(u) from
Ay to By which assigns to a T-sorted mapping ¢ from Y to A the mapping
wot from Y to B, (2) H(X,-) o A, is the functor from Set” to Set which
sends a T-sorted set A to the set (A,)x, and a T-sorted mapping v from
A to B to the mapping H(X,)(u,) from (A,)x to (By,)x which assigns
to an S-sorted mapping ¢ from X to A, the mapping u, o £ from X to
By, and (3) ¥#/ is the natural transformation from H(Y,-) to H(X,-) o A,
which sends a T-sorted set A to the mapping ﬁ“j’f from Ay to (A,)x which
assigns to a morphism ¢ in Ay the morphism t,o f in (A,)x. Therefore, for a
T-sorted set A, we have the S-sorted mapping Tﬁ’f from Ox(Ay,) = A&,A“’)X
to Oy (A), = (A1), = AéY which, for s € S, sends a: (A,)x —=A
ao ﬁﬁ’f Ay —A

¢(s) tO

o(s)"

PROPOSITION 2.13. Let (p,d, f): (5,2, X)—=(T,A,Y) be a morphism in
the category MSet Xget Sig. Then, for every A-algebra A and every term
P e Tx(X), for & of type (X,s), the mappings P4 A) o 19ﬁ’f and f3(P)A
from Ay to A, are identical.

PROOF. Let a € Ay be a T-sorted mapping from Y to A. Then the following
diagram commutes

nx

X Ts(X) —

/ f4

vo— e 1), |(apo sy
> (@),
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hence, for every P € Tx(X)s, we have that

FE(PYA(a) = (a*)ys) 0 f51(P)
= (ap 0 ))E(P)
= PY ™ (a0 f)
= PTA) 6 99l (q),

Therefore fd(P)A = P4 (A) 6 9%/ a5 asserted. |

We gather in the following corollary some useful consequences of the last
proposition.

COROLLARY 2.14. Let (p,d, f): (S,2,X)—(T,A,Y) be a morphism in
the category MSet Xget Sig, A a A-algebra, and P € Tx(X)s a term for ¥
of type (X, s). Then we have that the following diagrams commute

TpX-d*(A) pd(A)

TE(X) TerX(d*(A)) (Aga)X Acp(s)

fd Tﬁ’f Q)L?A

TA(Y) Tery (A) Al x A
@ Trg’A ¢ I, U?{,S(P)A ©(s)

where 0% , is the component at (X, A) of the natural isomorphism 6% in
Proposition 2.1.

PROOF. The left-hand diagram commutes because, for a morphism (¢, d, f)
from (S,%, X) to (T, A,Y) and a A-algebra A, the S-sorted mapping Tf"f
from Ox(A,) to Oy (A), is actually a 3-homomorphism from Ox(d*(A))
to Oy (A), that restricts to Terx(d*(A)) and Tery (A),.

The right-hand diagram commutes since, for the T-sorted set Hso X and

2
the S-sorted mapping 7% from X to (][, X),, we have that 9T = 0% .

As it is well-known, for a signature 3, the conglomerate of terms for X
is the set (Jy ey Useg Ts(X)s, but such an amorphous set is not adequate,
because of its lack of structure, for some tasks, as e.g., to explain the in-
variant character of the realization of terms as term operations on algebras,
under change of signature (or to state a Completeness Theorem for finitary
many-sorted equational logic).
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However, by conveniently generalizing the concept of term for a signature
3 (as explained immediately below), it is possible to equip, in a natural way,
to the corresponding generalized terms for ¥, taken as morphisms, with a
category structure, that allows us to give a category-theoretic explanation of
the relationship between terms and algebras. To this we add that the use of
the generalized terms and related notions, such as, e.g., that of generalized
equation (to be defined in the following section), has allowed us, in [5], to
provide a purely category-theoretical proof of the Completeness Theorem
for monads in categories of sorted sets.

Actually, we associate to every signature 3 the category K1(Tx)°P, of
generalized terms for ¥, that we denote, to shorten notation, by Ter(X),
i.e., the dual of the Kleisli category for Ty, = (Ts, n, i), the standard monad
derived from the adjunction Ty - Gy between the category Alg(X) and
the category Sets, with Ty, = Gy 0o Ty

The construction of the category Ter(X) is a natural one. That this is
so follows, essentially, from the fact that it has been obtained by applying
a category-theoretic construction, concretely that of Kleisli (in [21]). How-
ever, to understand more plainly how the category Ter(X) is obtained, or,
more precisely, from where the morphisms of Ter(3X) arise, the following
observation could be helpful. For a signature 3, an S-sorted set X, and a
sort s € S, an ordinary term P € Tx(X), for ¥ of type (X, s) is, essentially,
an S-sorted mapping P: §°—=Tx(X) where, for s € S, §° = (6] )ies, the
delta of Kronecker at s, is the S-sorted set such that 6; = @ if s # ¢t and
05 = 1. But the S-sorted mappings just mentioned do not constitute the
morphisms of a category. Therefore, in order to obtain a category, it seems
natural to replace the special S-sorted sets that are the deltas of Kronecker,
as domains of morphisms, by arbitrary S-sorted sets, thus obtaining the
generalized terms, that are the category-theoretic rendering of the ordinary
terms, since they are now S-sorted mappings from an S-sorted set to the free
Y-algebra on another S-sorted set, i.e., morphisms in a category Ter(3X).
This category-theoretic perspective about terms, in its turn, will allow us
to obtain a functor Tr>, of realization of terms as term operations, from
Alg(X) x Ter(X) to Set, and therefore to define (in the next section) the
validation of equations, understood as ordered pairs of coterminal terms in
the corresponding generalized sense, in an algebra.

Since it will be fundamental in all that follows, we provide, for a signature
32, the full definition of the category Ter(X) and also the explicit definition
of the procedure of realization of the terms for 3 as term operations on a
given X-algebra. Observe that we depart, in the definition of the category
Ter(X), but only for this type of category, from the (non-Ehresmannian)
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tradition, in calling a category by the name of its morphisms.

DEFINITION 2.15. Let ¥ be a signature and A a X-algebra. Then Ter(X),
the category of generalized terms for X, is the dual of KI(Tyx): the objects
are the elements of U°; the morphisms from an S-sorted set X to another Y,
which we call generalized terms for 3 of type (X,Y) (also called substitutions
by Computer Scientist), or, for abbreviation, terms of type (X,Y’), are the
S-sorted mappings P from Y to Tx(X); the composition, denoted in Ter ()
and K1(Tyx) by o, is the operation which sends P: X —Y and Q: Y —Z7
in Ter(X) to Qo P: X —=Z in Ter(X), where Qo P is ux o P 0 Q, with
px the value at X of the multiplication p of the monad Ty and P® the
value of the functor T's at the S-sorted mapping P: Y —=Tx(X); and the
identities are the values of 7, the unit of the monad Ty, at the S-sorted sets.
If P: X —=Y is a term for ¥ of type (X,Y), then P2, the term operation
on A determined by P, or the term realization of P on A (also called by
Computer Scientist the evaluation of P on A), is the mapping from Ax to
Ay which assigns to a valuation f of the variables X in A the valuation
f% o P of the variables Y in A.

After associating to every signature X the category Ter(X) of generalized
terms, we proceed to assign to every signature morphism d: ¥ —=A a
corresponding functor d, from Ter(X) to Ter(A).

PROPOSITION 2.16. Let d: ¥ —= A be a signature morphism. Then there
exists a functor d, from Ter(X) to Ter(A). Its object mapping assigns to
each S-sorted set X the T-sorted set do(X) = Hso X ; its morphism mapping
assigns to each morphism P from X to Y in Ter(X) the morphism do(P) =
09)"L(n o P) from [I,X to [1,Y in Ter(A), where n$ is the X-homo-
morphism from Tx(X) to Ta([[,X), that extends the S-sorted mapping
(1, x)p 7% from X to Ta(IT, X),-

PrOOF. We restrict ourselves to prove that d,, preserves compositions, since
the proof that d, preserves identities is straightforward and for this reason
the details are left to the reader. Let P: X —Y and Q: Y —= Z be mor-
phisms in Ter(X). Then we have the following equations:

do(QoP) = (0°) '(n¥ o P o Q)
= (0) " () o 11, PP 11,Q,
do(Q) 0 do(P) = do(P)* 0 do(Q)
= do(P)" 0 (6%) 7 (n§) o 11,Q.
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therefore, to prove that d,(Q ¢ P) = do(Q) ©do(P) it is enough to verify the
following equation

(%) 1 (%) o LI, PF = do(P)F 0 (%) (1))

But for this, because of the commutativity of the following diagram

()~ (n§)

[ . )
I, 7 ETA(L, Y)

]_Lp TE(Y) ]_Lp TA(]_[Lp Y)‘P TA(LLP Y)
]_Lp TA(X) d ]_Lo TA(]_LP X)SO © TA(H(p X)
L o lX STA(II, X)
09) "1 (%)
it is enough to verify that the following equation holds
0% o P! = do(P), o it (1)

But equation (1) holds because the restriction of n$ o P# and dQ(P)?p ond to
the generating S-sorted set Y coincide, i.e., 779( oPlony = dQ(P)?p o 77% ony.
In fact:

n% o Prony =n% o P,

do(P) 0§ oy = do(P), 0 (1, v)e 0 1
= do(P)so © 775
= (0)"'(n% o P)p o
= (n% o P)fony
=ntoP

REMARK. For a generalized term P from X to Y, the generalized term
d,(P) from ]_Lp X to ]_Lp Y can be defined alternative, but equivalently, as
the composition of the morphisms in the following diagram
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®
H(p P H(p 77?( €TA(H¢ X)

I,Y [T, Ta(ll, X)e

where, recalling that nd = Gy * 9 is the second natural transformation in
Proposition 2.9 and &¥ the counit of the adjunction H¢4A¢v we have that

[T, T=(X)

Ta(Il, X),

1. The T-sorted mapping ]_Lp n‘)j{ is the component at X of the natural
transformation [ [, +nd from [, °Ts to [I,0A, 0Ta 0[], and
2. The T-sorted mapping 5%\ (1L X) is the component at X of the natural
@
transformation ¥ (Ta o [, X) from J[,0A,0Tao]], to Tao]], X.

We state now for the generalized terms the homologous of the right-hand
diagram in the first part of Corollary 2.14, i.e., the invariant character under
signature change of the realization of generalized terms as term operations in
algebras. We remark that from this fact we will obtain, in the third section,
the invariance of the relation of satisfaction under signature change.

PROPOSITION 2.17. Let d: X——=A be a signature morphism. Then, for
every A-algebra A and every term P for X of type (X,Y), the mappings
pa(a) o 0% 4 and 65, 4 o d.(P)A from App x to (Ay)y are identical.

PROOF. Because the S-sorted set Y is isomorphic to J[;cg ey, 6° and the
functor Hso preserves colimits, since it has A, as a right adjoint, Heo Y isiso-
morphic to [[icq ey, 6¢0). But Hom([[, Y, A) and [],cg ey, Hom(6¢(), A)
are isomorphic, thus it is enough to prove the proposition for the S-sorted
sets of the type 6%, i.e., the deltas of Kronecker, and this follows directly
from Corollary 2.14. [

Once defined the mappings that associate, respectively, to a signature the
corresponding category of terms, and to a signature morphism the functor
between the associated categories of terms, we state in the following propo-
sition that both mappings are actually the components of a pseudo-functor
from Sig to the 2-category Cat.

PROPOSITION 2.18. There exists a pseudo-functor Ter from Sig to the 2-cat-
egory Cat given by the following data

1. The object mapping of Ter is that which sends a signature 3 to the
category Ter(X) = Ter(X).

2. The morphism mapping of Ter is that which sends a signature morphism
d from X to A to the functor Ter(d) = do from Ter(X) to Ter(A).
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3. For every d: 3—=A and e: A—=Q, the natural isomorphism &
from esod, to (eod), is that which is defined, for every S-sorted set X,
as the isomorphism v;i(’e: [T, I, X — [y, X in Ter(€2) that corre-
sponds to the U-sorted mapping

(’Y%w)_l M, 1, X
H¢vogp X .

where fy‘)’}’w is the component at X of the natural isomorphism ~+9¥ for
the pseudo-functor MSet™.

4. For every signature X, the natural isomorphism v> from ldper(s) to
(idg)o is that which is defined, for every S-sorted set X, as the isomor-
phism vy: X —> [Tiqs X in Ter(X) that corresponds to the S-sorted

mapping

1%
[Tig, X —= X —X L Te(X),

where 1/)5( is the component at X of the natural isomorphism v° for the

pseudo-functor MSet!.

What we want to achieve now is to prove, on the one hand, that, for
a signature X, there is a functor Tr® from Alg(X) x Ter(X) to Set, that
simultaneously formalizes the procedure of realization of terms (as term
operations on algebras), and its naturalness (by taking into account the
variation of the algebras through the homomorphisms between them), and,
on the other hand, that, for a signature morphism d from 3 to A, there is a
natural isomorphism 69 from Tr? o (Ida1g(a) x do) to Tr¥ o (d* x Idper(s))
that shows the invariant character of the procedure of realization of terms
under signature change.

To accomplish the first stated goal we begin by proving the following
lemma.

LEMMA 2.19. Let A be a X-algebra, P a term of type (X,Y), and Q a term
of type (Y, Z). Then we have that (Q o P)A = Q” o PA. Besides, for nx,
the identity morphism at X in Ter(X), n§ =ida, .

PROOF. We restrict ourselves to prove the first part of the lemma because
the proof of the second one is straightforward. Since (QoP)* is the mapping
from Ax to Az which sends an S-sorted mapping u: X — A to the S-sorted
mapping uf o (Q o P) = uf o ux o P® 0 Q: Z— A, (where, we recall, pux
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is the value at X of the multiplication p of the monad Tyx, = (Tx,n, 1) and
P® the value at the S-sorted mapping P: Y —=Tx(X) of the functor Tyx),
and Q® o PA the mapping from Ax to Az which sends an S-sorted mapping
u: X —> A to the S-sorted mapping (uf o P)f o Q: Z—= A, to verify that
(Q o P)A = QA o PA it is enough to prove that the X-homomorphisms
uf o pix o P and (uf o P)? from Tx(Y) to A are identical. But this follows
from the equation uf o ux o P® ony = (uf o P)fony, that is a consequence of
the laws for the monad Ts; and of the equation P® ony = N1 (x) © P, where
ny is the canonical embedding of Y into Tx(Y) and nry(x) the canonical
embedding of T's(X) into Tx(Tx(X)). ]

This lemma has as an immediate consequence the following corollary.

COROLLARY 2.20. Let ¥ be a signature and A a X-algebra. Then there exists
a functor Tr>A from Ter(X) to Set which sends an S-sorted set X to the
set TI®A(X) = Ax and a term P: X —=Y to the mapping Tr=A(P) =
PA: Ay —> Ay, i.e., the term operation on A determined by P.

Therefore, from the definition of the object and morphism mappings of
the functors of the type Tr>™#, we see that they encapsulate the procedure
of realization of terms. Moreover, from the fact that they preserve identities
and compositions in Ter(X), we conclude that they formally represent the
two basic intuitions about the behaviour of the procedure just named, i.e.,
that the realization of an identity term is an identity term operation, and
that the realization of a composite of two terms is the composite of their
respective realizations (in the same order).

Before stating the following lemma we recall that, for an S-sorted map-
ping f from an S-sorted set A into another B and an S-sorted set X, fx is
the value at X of the natural transformation H(-, f) from the contravariant
functor H(-, A) to the contravariant functor H(-, B), both from (Set®)°P to
Set.

LEMMA 2.21. Let f be a X-homomorphism from A to B and P a term of
type (X,Y) in Ter(X). Then the mappings PB o fx and fy o PA from Ax
to By are identical, and we agree to denote it by fp.

PROOF. Given an S-sorted mapping u: X —= A, we have that (f ou)f =
f o u!f, by the universal property of the free X-algebra on X and taking
into account that f is a 3-homomorphism from A to B. Therefore, since
PBo fx(u) = (fou) o P, and fy o PA(u) = f o (uf o P), we have that
PBo fx(u) = fy o PA(u). Thus PBo fx = fy o PA. ]
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This lemma has as an immediate consequence the following corollary.

COROLLARY 2.22. Let X be a signature and f a X-homomorphism from A
to B. Then there exists a natural transformation Tr>' from the functor
Tr>A to the functor Tr>B, as reflected in the diagram

Ty=A
Ter(X) Jye=f Set

TI'E’B

which sends an S-sorted set X to the mapping Tr?’f = fx from Ax to
Bx. Besides, for ida, the identity X-homomorphism at A, we have that
Tr>ida — idpy=.a, and, if g: B——C is another X-homomorphism, then
Tr>9of = Tr>9 o Tv>f .

Therefore, the naturalness of the procedure of realization of terms as
term operations on the different algebras is embodied in the natural trans-
formations of the type Tr>/.

REMARK. By identifying the 3-homomorphisms with the Ts-homomor-
phisms, the just stated corollary can be interpreted as meaning that ev-
ery Y-homomorphism f from A to B is a natural transformation from
the functor Tr™A to the functor Tr™B, both from Ter(X) = KIl(Tx)P
to Set. Actually, each homomorphism (d, f) from an algebra (X, A) into
another (A,B) is identifiable to a morphism (in the category (Cat) /set,
see [18], p. (sub) 186) from the object (Ter(X), Tr®A) over Set to the
object (Ter(A), TrAB) over Set, concretely, to the morphism given by
the pair (do, (0¥5)~ o H(:, f)), where H(-, f) is the natural transforma-
tion from the contravariant hom-functor H(-, A) to the contravariant hom-
functor H(-, B,), and (GfB)_l the natural isomorphism from H(-, B,) to
H([],(-), B). Observe that the naturalness of (9??3)_1 o H(+, f) means that,
for every term P for ¥ of type (X,Y), the mappings (953)_1 oH(Y, f)o PA
and d,(P)B o (0}’}73)_1 oH(X, f) from Ax to Byp, vy are identical.

From the identification of the homomorphisms between algebras in the
category Alg to some convenient morphisms between the associated ob-
jects over Set, we can conclude, e.g., that the concept of homomorphism
as defined by Bénabou in [2] (that does not allow the variation of the
signature and therefore it works between algebras of the same signature
(see [2], p. (sub) 16, last paragraph)), corresponds itself, for a signature X
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and a 3-homomorphism f from A to B, to the (very special) case in which

(do, (9:03)*1 o H(:, f)) is precisely

(d<>7 (efB)il o H(, f)) = (IdTer(E)v H(7 f))7

i.e., definitely, it corresponds to the natural transformation Tr>7 from the
functor Tr>*A to the functor Tr>B.

For a signature 3 the family of functors (TrZ’A) AcAlg(z) together with
the family of natural transformations (Trz’f ) feMor(Alg(s)) are the object
and morphism mappings, respectively, of a functor Tr>0) from the category
Alg(X) to the exponential category SetTer(®) and the functor Tr>0) will
allow us to prove in the following proposition, that there exists a functor
Tr® from Alg(X) x Ter(X) to Set that formalizes the realization of terms
as term operations on algebras, but taking into account the variation of the
algebras through the homomorphisms between them.

PROPOSITION 2.23. Let ¥ be a signature. Then there exists a functor
Tr> from Alg(X) x Ter(X) to Set. Its object mapping assigns to each
pair (A, X), formed by a X-algebra A and an S-sorted set X, the set
TrE(A, X) = Tr2A(X) = Ax of the S-sorted mappings from X to the
underlying S-sorted set A of A; its morphism mapping assigns to each
arrow (f, P) from (A,X) to (B,Y) in Alg(X) x Ter(X), the mapping
T (f, P) = fp from Ax to By, which is precisely

Tr2B(P) o i/ = T3/ o TY™A(P).
ProOF. It follows, essentially, after Lemma 2.19. [ |

To accomplish the earlier second stated goal, i.e., to show the invariant
character of the procedure of realization of terms under signature change, we
prove in the following proposition, for a morphism d: 3 ——= A, the existence
of a natural isomorphism between two functors from Alg(A) x Ter(X) to
Set, constructed from the functors TrA, Tr>, d, and d*.

ProOPOSITION 2.24. Let d: X——= A be a signature morphism. Then the
family (69 X)(A,X)eAlg(A)xTer(S); Written 09 for brevity, where, for each pair
(A, X) in Alg(A) x Ter(X), Hg’X is 0% 4, i.e., the component at (X, A) of
the natural isomorphism of ]_[w 4 Ay, is a natural isomorphism from the
functor TrA o (Id xds) to the functor Tr o (d* x1d), both from the category
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Alg(A) x Ter(X) to the category Set, as shown in the following diagram

Alg(A) x Ter(X) d” x 1d Alg(S) x Ter()
Qd
Id xd, = Tr™
Alg(A) x Ter(A) Set
A

ProOF. Let (f,P): (A, X)—(B,Y) be a morphism in Alg(A) x Ter(X%).
Then we have the following situation

A j()/ 5P gy
ALYy @@ Y2 @m)y)

\ /

© / (AQD)X
N bxa 7/ N\
[, X (fo)x  pd"(A)
L Vs N
11X d.(P B A
g B gy e
By, x ALy Tpa®  (f,)y
N ; /s A2
do(P)® 1Ly (By)y
N # 0, —
L
1LY

But the bottom diagram in the above figure commutes, because of Proposi-

tion 2.17, the naturalness of 6¥, and the fact that f is a A-homomorphism.
: © ©

Therefore the mappings 6y z o fa,(p) and (fy)po 0% 4 from Aqp, x to (By)y

are identical. From this it follows that the family #9 is a natural isomorphism

from Tr? o (Id xd,) to Tr¥ o (d* x Id). [ ]
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Our next goal is to construct the many-sorted term institution by com-
bining adequately the above components, i.e., the contravariant functor
Alg from Sig to Cat, the pseudo-functor Ter from Sig to Cat, the fam-
ily of functors Tr = (TrE)EGSig, and the family of natural isomorphisms
0 = (ad)dGMor(Sig)'

To attain the just stated goal we need to recall beforehand some aux-
iliary concepts. In particular, we proceed to define next, among others,
the concept of pseudo-extranatural transformation in 2-categories and for
pseudo-functors. This generality is necessary as will be pointed out after-
wards.

DEFINITION 2.25. Let C and D be two 2-categories, F,G: C°? x C—=D

two 2-functors, and («a, 8) a pair such that

1. For every 0O-cell ¢ in C, a.: F(c,c)—=G(c,c) is a 1-cell in D.

2. For every 1-cell f: c—=¢ in C, By is a 2-cell in D from the composite
G(1,f)oaco F(f,1) to the composite G(f,1) o o F(1, f).

Then we say that («, 3) is a

1. Laz-dinatural transformation from F to G if, for every 2-cell £: f = ¢
in C, we have that

By o (G(L,8) * acx F(§,1)) = (G(§, 1) * ae * F(1,£)) o By.
2. Pseudo-dinatural transformation from F to G if it is a lax-dinatural
transformation and, for every f: c——=¢ in C, f is an isomorphism.
3. 2-dinatural transformation from F to G if it is a lax-dinatural transfor-

mation and, for every f: c——=¢' in C, fy is an identity.

The dinatural transformations when F' and G are pseudo-functors will
also be relevant for us. In this case it is necessary to impose additional
conditions of compatibility with the natural isomorphisms of the pseudo-
functors. The definition is as follows.

DEFINITION 2.26. Let C, D be two 2-categories, (F,v",v), (G,+%, V%)
two pseudo-functors from C°? x C to D, and (a, 3) a pair such that
1. For every 0O-cell ¢ in C, a.: F(c,c)—=G(c,c) is a 1-cell in D.

2. For every 1-cell f: c—=¢ in C, By is a 2-cell in D from the composite
G(1,f)oaco F(f,1) to the composite G(f,1) o ar o F(1, f).
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Then we say that (o, 3) is a laz-dinatural transformation from (F,~", vt
to (G,7%, %) if it satisfies the following compatibility conditions:

1. For every 2-cell £: f = g in C, we have that

By o (G(L,8) x ac x F(§,1)) = (G(E, 1) x ag * F(1,£)) o By

2. For every pair of 1-cells f: c—=(, g: ¢ —= " in C, we have that

Vg,f)y(lhq) © (G(f7 1) * ﬂg * F(17 f)) o (G(lvg) * Bf * F(Q? 1))
= Byos © (VLp.19) * e * Vg, (1)
3. For every object ¢ in C, we have that

Qe * I/(Iz;c) = I/(C;C) * Q.
If the pseudo-functor G is independent of both variables, then we say that the
above transformations are laz-extranatural, pseudo-extranatural or extranat-
ural, respectively. Then the compatibility with the 2-cells of C is equivalent
to

Bg o (ac* F(§,1)) = (aw x F(1,8)) o By,

and the compatibility of the composition of 1-cells in C with the natural
isomorphisms of F' is equivalent to

’V(F17f)7(1,g) o (Bg F(L,f)) o (By*F(g,1)) = Bgoy © (cre * 7@,1),(]0,1))-

In the following proposition we define a pseudo-functor from the catego-
ry Sig®® x Sig to Cat, and prove that there exists a pseudo-extranatural
transformation from it to the functor from Sig°® x Sig to Cat which picks
Set.

PROPOSITION 2.27. There exists a pseudo-functor Alg(-) x Ter(-) from the
category Sig®® x Sig to Cat, obtained from the contravariant functor Alg
and the pseudo-functor Ter, which sends a pair of signatures (3, A) to the
category Alg(X) x Ter(A), and a pair of signature morphisms (d,e) from
(2,A) to (X', A) in Sig°P x Sig to the functor d* xe, from Alg(X)x Ter(A)
to Alg(X)x Ter(A’). Furthermore, the family of functors Tr = (TI“E)EESig,
together with the family 60 = (Hd)deMor(Sig), where 09 is the natural isomor-
phism of Proposition 2.24, is a pseudo-extranatural transformation from the
pseudo-functor Alg(-) x Ter(-) to the functor Kget, which picks Set, both
from Sig°® x Sig to Cat.
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PROOF. Because the 2-category structure of Sig is, in this case, trivial,
we need only prove the compatibility with the natural isomorphisms of the
pseudo-functor Alg(-) x Ter(-).

We restrict our attention to prove the compatibility of the composition of
1-cells in Sig with the natural isomorphisms of Alg(-) x Ter(-). But for this,
it is enough to verify that, for every f: A—=B in Alg(Q) and P: X —Y
in Ter(X), the following diagram commutes

(Aso)H X 0% A (Aw ) x
ew - » wglpoip = P
A /I_L/; X:*’?ie A — XvA
1, I, X ('VX’ ) T e X
d,(P)e ) pd*(e(A))
eo 0 do(P)A es(do(P))A
(A y ——67 4 (Ap,)y
o LT Tgpee— Y
A /]_Lp Y7Ade A A — Y,A
]—[1/) HSPY (P)/}/7 ) T H1j)0<pY
(foli1, v (fup)y
M1,y My, ¥
(By)i1.y —+— 0% (By,)y
R ™
— ] e — )
B, 11, v (19%)B —— B, ¥

And this is so in consequence of the definitions of the involved entities. m

To actually realize the announced reformulation of the proposition just
stated we should begin by defining a concept of institution that general-
izes, even more, that one defined by Goguen and Burstall in [15]. This
generalization is founded, ultimately, on the fact that the compatibility of
generalized many-sorted terms and many-sorted algebras with respect to
transformations between many-sorted signatures is also valid when general-
ized many-sorted terms and many-sorted algebras (of different many-sorted
signatures) are equipped with natural category structures.
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DEFINITION 2.28. Let C be a category. Then a 2-institution on C is a
quadruple (Sig, Mod, Sen, («, 3)), where

1. Sig is a 2-category.
2. Mod: Sig® — Cat a pseudo-functor.
3. Sen: Sig—— Cat a pseudo-functor.

4. (o, B): Mod(-) x Sen(-) —= K¢ a pseudo-extranatural transformation.

If Sig is an ordinary category, instead of a 2-category, then we will speak of
an institution on C.

REMARK. The concept of 2-institution is defined relative to a category, i.e.,
it has meaning for a O-cell C of the 2-category Cat = 1— Cat, of cate-
gories, functors, and natural transformations between functors. Therefore,
if it were necessary for some application, the concept of 3-institution ought
to be defined relative to a 0-cell C of the 3-category 2—Cat, of 2-categories,
2-functors, 2-natural transformations and modifications between transfor-
mations, and so forth.

REMARK. Actually, 2-institutions and institutions on a category, if they
are understood as pseudo-extranatural transformations, go beyond both the
classical conception of semantical truth defined (mathematically for the first
time, through a recursive definition of satisfaction of a formula in an ar-
bitrary relational system by a valuation of the variables in the system) by
Tarski and Vaught in [31], p. 85, and the latest conception of institution in
Goguen and Burstall [15], p. 327.

From the above it follows, immediately, the following corollary.

COROLLARY 2.29. The quadruple Tm = (Sig, Alg, Ter, (Tr, 0)) is an institu-
tion on the category Set, the so-called many-sorted term institution, or, to
abbreviate, the term institution.

We close this section by pointing out that the institution Tm can be qual-
ified of basic, or fundamental, among others, by the following reasons: (1) it
embodies, in a coherent way, algebras, terms, and the natural procedure of
realization of terms as term operations in algebras, and (2) the many-sorted
equational institution and the many-sorted specification institution (both of
them defined in the following section), i.e., the core of universal algebra, are
built on it.

On the other hand, let us notice that in this article, as we have said in
the introduction, no attempt has been made to provide examples of 2-cat-
egories on given categories. The interested reader can easily obtain them
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from those results contained in [6] which have to do with the polyderivors
and the transformations between polyderivors.

3. Many-sorted specifications and morphisms.

In this section we begin by defining, for a signature 3, the concept of X-equa-
tion, but for the generalized terms defined in the preceding section, the bi-
nary relation of satisfaction between X-algebras and X-equations, and the
semantical consequence operators Cny. Then, after extending the transla-
tion of generalized terms to generalized equations, we prove the correspond-
ing satisfaction condition, and define a pseudo-functor LEq which assigns
(among others) to a signature X, the discrete category associated to the
set of all labelled ¥-equations, that enables us to obtain the many-sorted
equational institution £€&q.

After having done that we define, for the generalized terms, on the one
hand, the concept of many-sorted specification and, on the other hand, that
of many-sorted specification morphism, from which we obtain the corre-
sponding category, denoted by Spf. Then by extending some of the no-
tions and constructions previously developed for the category Sig to the
category Spf, we obtain Gpf, the many-sorted specification institution on
Set. Besides, we prove that there exists a morphism from &pf to Tm, the
many-sorted term institution on Set, which, together with the canonical
embedding of Tm into Gpf, makes of Tm a retract of Spf.

We now define the equations over a given signature through the mor-
phisms of the category of terms for the signature, what it means for an
equation to be valid in an algebra, and the consequence operator on the
many-sorted set of the equations.

DEFINITION 3.1. Let X be a signature, X, Y two S-sorted sets and A a
Y.-algebra. Then a X-equation of type (X,Y) is a pair (P,Q): X —Y
of parallel morphisms in Ter(X) (hence (P, Q) € Hom(Y, Tx(X))?), and a
Y-equation is a 3-equation of type (X,Y) for some S-sorted sets X, Y. We
will denote by Eq(X) the (U°)%-sorted set of all Z-equations. A X-equation
(P,Q): X —=Y is valid in A, denoted by A }:§Y (P,Q), if and only if, for
every s € S and every y € Y, we have that A ):§s (Ps(y),Qs(y)), i.e., that
(Ps(y)™ = (Qs(y))™*. We extend this satisfaction relation between X-al-
gebras A and X-equations (P,Q): X —Y to X-algebras A and families
£ C Eq(Z) by agreeing that A =¥ £ if and only if, for every X,Y ¢
U® and (P,Q) € Exy, we have that A =¥ (P,Q). We will denote by
Cny; the endomapping of Sub(Eq(X)), the set of all sub-(U®)?-sorted sets of
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Eq(X), which sends £ C Eq(Z) to Cnx (&), where, for every X,Y € U° and
(P,Q) € Eq(¥)x,y, (P,Q) € Cnx(E)x,y if and only if, for every 3-algebra
A, if A == € then A =Xy (P,Q). We call Cng (&) the (U¥)%-sorted set
of the semantical consequerices of £.

If we keep in mind that for a term P: X —=Y for 3 of type (X,Y), PA,
the term operation on A determined by P, is the mapping from Ax to Ay
which assigns to an S-sorted mapping f: X — A precisely floP: Y — A,
then we obtain the following convenient characterization of the relation
ARy (P.Q):

A Xy (PQ)iff PA = Q"

Besides, by the Completeness Theorem in [5], for £ C Eq(X), we have that
Cnx (&) is precisely nger(z) (€), i.e., the smallest II-compatible congruence

on Ter(X) that contains £, where the superscript II in the operator Cgl'}‘er(ﬁ)

abbreviates “product”. Therefore the operator Cnys; on the (U°)%-sorted set
Eq(X) is a closure operator.

REMARK. It is true that, for a signature 3, in order to equationally char-
acterize the varieties (resp., the finitary varieties) of X-algebras it is enough
to consider the S-finite (resp., the finite) subsets of a fixed S-sorted set V*°
with a countable infinity of variables in each coordinate. However, the gen-
eralized terms and equations proposed in this article, besides containing as
particular cases the ordinary terms and equations, respectively, have proved
their worth, e.g., in the proof of the Completeness Theorem for monads
in categories of sorted sets in [5], and can also be used to attain a truly
category-theoretic understanding of the subject matter (through the theory
of monads).

REMARK. The concept of equational deduction can be explained, from the
standpoint of category theory, as a pseudo-functor. Actually, it is enough
to define: (1) the category MCISp, of many-sorted closure spaces, (2),
for a Grothendieck universe V such that U € V, the 2-category Mndy, .,
of monads (i.e., pairs (C,T) such that C, the underlying category of the
monad, is in ¥V and T is a monad in C), algebraic morphisms between
monads (which are adjoint squares satisfying a compatibility condition), and
transformations between algebraic morphisms (which are a special type of
adjoint square satisfying an additional condition), into which the category
MCISp is naturally embedded, and (3) to prove the existence of a pseudo-
functor Cn from Sig to Mndy, ;) that has as components, essentially, the
consequence operators Cny, for the different signatures X.
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By recalling that every signature morphism d from ¥ to A determines
a functor d, from Ter(X) to Ter(A), and taking into account the above
definition of the equations for a signature, we next formalize the procedure
of translation, by means of a signature morphism, of equations for a signature
into equations for another signature in the following definition.

DEFINITION 3.2. Let d be a signature morphism from 3 to A. Then we have
that d induces a many-sorted mapping ((]—Lp)z’ d?) from (U%)?, Eq(Z)) to
(U2, Eq(A)), the so-called translation of equations for X into equations
for A relative to d, where (Hso)Q is the mapping from (U°)? to (UT)? which
sends a pair of S-sorted sets (X,Y’) to the pair ([, X,][,Y) of T-sorted
sets, and d2 the (U¥)%-sorted mapping which to a Z-equation (P, Q) of type
(X,Y) assigns the A-equation (do(P),d+(Q)) of type (I[, X, [, Y).

Once defined the translation of equations, we prove in the following
lemma the invariance of the relation of satisfaction under signature change,
also known, for those following the terminology coined by Goguen and
Burstall in [12], p. 229, as the satisfaction condition.

LEMMA 3.3. Let d: ¥ ——= A be a signature morphism, (P, Q) a X-equation
of type (X,Y) and A a A-algebra. Then we have that

d'(A) Xy (P.Q) if A F{]_x vy (do(P).do(@Q)).

ProoOF. We know that d*(A) lzgéy (P,Q) and P (&) = Q4"(A) are equiv-
alent. In addition, by Proposition 2.17, it is true that P4"(4) = Q47 (A) ig
equivalent to d,(P)? = do(Q)*. Therefore we can assert that

d*(A) EXy (P.Q)iff A =y x 11y (do(P), do(Q)).
|

Related to the quasi-triviality of the (short and conceptual) proof of
Lemma 3.3 (as a consequence, essentially, of the fact that it is, ultimately,
rooted in Proposition 2.17), perhaps it would be convenient to recall that
Goguen and Burstall, in [12], p. 228, have omitted the corresponding proof
because they qualify it as being not entirely trivial.

To construct the many-sorted equational institution we now define a
pseudo-functor LEq on the category of signatures. In order to do so we need
to assume, besides the Grothendieck universe U, the existence of another
one V such that U € V. The new Grothendieck universe ¥V will be used
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to construct the appropriate target 2-categories. Therefore, to exclude any
misunderstanding, we agree to denote those categories C properly depending
on VY by Cy,. However, since the additional assumption of a universe V such
that U € V, will be used exclusively in this section, we do not label those
categories depending on U with the subscript U, such as has been done until
now.

DEFINITION 3.4. We denote by LEq the pseudo-functor from Sig to Caty,
given by the following data

1. The object mapping of LEq is that which sends a signature X to the
discrete category LEq(3) associated to

Ux,yeu(Hom(Y, Tx(X))? x {(X,Y)}),

the set of all labelled X-equations, i.e., the set of all pairs ((P,Q), (X,Y))
with (P, Q) a X-equation of type (X,Y), for some X,Y € U.

2. The morphism mapping of LEq is that which sends a signature morphism
d from ¥ to A to the functor LEq(d) from LEq(X) to LEq(A) which
assigns to the labelled equation ((P,Q), (X,Y)) in LEq(X) the labelled
caution LEa(d)(P,Q). (%)) = (0(7) (@), I, X IL, ) i
LEq(A).

COROLLARY 3.5. The quadruple £&q = (Sig, Alg, LEq, (=, 0)) is an institu-
tion on 2, the so-called many-sorted equational institution, or, to abbreviate,
the equational institution.

Following this we proceed to define, on the one hand, the concept of
many-sorted specification and, on the other hand, that of many-sorted spec-
ification morphism.

DEFINITION 3.6. A many-sorted specification is a pair (X,€), where X is
a signature while £ C Eq(X). A many-sorted specification morphism from
(2,€) to (A,H) is a signature morphism d: ¥ —= A such that d?[€] C
Cnp (H). Henceforth, to shorten terminology, we will say specification and
specification morphism instead of many-sorted specification and many-sorted
specification morphism, respectively. Besides, if in a specification (X, &) the
set € of equations is closed, i.e., Cnx (&) = &, then we call (£,&) a theory.
To abbreviate, we write, sometimes, £ instead of Cnx().

PROPOSITION 3.7. The specifications and the specification morphisms deter-
mine a category denoted as Spf.
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PROOF. We restrict ourselves to prove that the composition of specifica-
tion morphisms is a specification morphism. But before proving this let
us notice that if d: ¥ ——=A and e: A——= are signature morphisms,
(P, Q) a Z-equation of type (X,Y), and C a Q-algebra, then e,(d,(P))¢ =
e.(do(Q))C if and only if (eod),(P)€ = (eod),(Q)C. Thus, for each family
of 3-equations £, we have that Cng(e2[d2[€]]) = Cnq((e o d)?[£]). Now, if
d: (38,8)—(A,H) and e: (A, H)— (£, F) are specification morphisms,
then e2[d2[€]] C e2[Cnp(H)] C Cng(e?[H]) C Cng(F), from which the
proposition follows. [ |

REMARK. The category Thy with objects the theories and morphisms be-
tween them the, so-called by Bénabou in [2], p. (sub) 27, banal morphisms
(also known as aziom-preserving morphisms), is Thy, = [ Sig FixoCn, where
Fix is the contravariant functor from Mndy 4, to Caty which sends a
monad (C,T) for V, to the preordered set Fix(T) = (Fix(T), <), of the
fixed points of T, being Fix(T) the set of all T-algebras (A,d) such that
the structural morphism § from T(A) to A is an isomorphism, and < the
preorder on Fix(T) defined by imposing that (A4, ) < (A’,d’) iff there exists
a T-homomorphism from (A,d) to (A’,0"). Therefore, informally speaking,
we can say that the world of theories, Thy, is the totalization over Sig of
the fixed points of the consequences.

We state next some, obvious, relations between the categories Sig and
Spf. Every signature ¥ determines the specification (X, &), the so-called
indiscrete specification, from which we obtain an inclusion functor sp; from
Sig to Spf that is a left adjoint to the forgetful functor sig from Spf to Sig
which sends an specification (3, ) to the underlying signature 3. Besides,
Sig is a retract of Spf, i.e., sig o sp; = Idsjg. The functor sig also has a
right adjoint spy: Sig—— Spf which sends a signature 3 to (X, Eq(X)), the
so-called discrete specification.

What we want now is to lift the contravariant functor Alg, which is
defined on Sig, to a contravariant defined on Spf.

PROPOSITION 3.8. There exists a contravariant functor Alg® from Spf to
Cat. Its object mapping assigns to each specification (X,E) the category
Alg®(X,€) = Alg(X, &) of its models, i.e., the full subcategory of Alg(X)
determined by those X-algebras which satisfy all the equations in &; its
morphism mapping assigns to each specification morphism d from (%,E)
to (A, H) the functor Alg®?(d) = d* from Alg(A, H) to Alg(X,E), obtained
from the functor d* from Alg(A) to Alg(X) by bi-restriction.
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PROOF. Let B be a A-algebra such that B =% H. Then B =4 Cn(H),
therefore B =2 d2[€] hence, by Lemma 3.3, d*(B) == £. |

By applying the EG-construction to the contravariant functor Alg®™® we
obtain the category [ Spf Alg®P denoted by Alg®®. The category Alg® has
as objects the pairs ((X,£),A), where (X,€) is a specification and A a
3-algebra which is a model of £, and as morphisms from ((X,£),A) to
((A,H),B), the pairs (d, f), with d a specification morphism from (X, &)
to (A, H) and f a ¥-homomorphism from A to d*(B).

REMARK. The category Alg is embedded into Alg® as a retract (essentially,
because Sig is a retract of Spf).

On the other hand, taking care of the Completeness Theorem in [5], every
family of equations £ C Eq(X) determines a congruence on the category
Ter(X), hence a quotient category Ter(X)/E. Besides, this procedure can
be completed, as stated in the following proposition, to a pseudo-functor
Ter®® from Spf to Cat, and the restriction of Ter®® to Sig is precisely the
pseudo-functor Ter.

PROPOSITION 3.9. There exists a pseudo-functor Ter’? from Spf to Cat
defined as follows

1. Ter®® sends a specification (3,E) in Spf to the category Ter’*(X,E€) =
Ter (X, £), where Ter(X, E) is the quotient category Ter(X)/E.

2. Ter'® sends a specification morphism d from (X,€) to (A,H) to the
functor Ter*P(d), also occasionally denoted by d., from Ter(X%,E) =
Ter(X)/E to Ter(A, H) = Ter(A)/H, which assigns to a morphism [Pz
from X toY in Ter(X, &) the morphism Ter*?(d)([Plg) = [do(P)]3; from
[[,X to[[,Y in Ter(A,H).

PrRoOOF. Everything follows, essentially, from the fact that the action of
Ter*P(d) on [Pz is well defined since £ C Ker(Pry; o d,), where Pry; is the
projection from Ter(A) to Ter(A)/H. [ ]

After this we state that the family of functors Tr = (TrE)EGSig, de-
fined in Proposition 2.23, can be lifted to the family of functors Tr*® =

(TrP ) 53 e)esp-

PROPOSITION 3.10. Let (2,€) be a specification. Then from the product
category Alg(3,E) x Ter(X,E) to the category Set there exists a functor
Tr>(3€) | Tts object mapping assigns to each pair (A, X), formed by a X-
algebra A which satisfies € and an S-sorted set X, the set TrP(FE) (A X)) =
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Ax of the S-sorted mappings from X to the underlying S-sorted set A of A;
its morphism mapping assigns to each arrow (f,[Plg) from (A, X) to (B,Y)
the mapping TrSp’(E’g)(f, [Plg) = fp from Ax to By.

PROOF. Everything follows from the fact that the action of Tr*(3¢) on

(f, [Plg) is well defined because from [Pl = [Q]z it follows that, for every
S-algebra C which satisfies £, P€ = Q°. [

Next we state that the family of natural isomorphisms 6§ = (Hd)deMor(Sig),
defined in Proposition 2.24, can be lifted to a corresponding family of natural
isomorphisms 6P = (05p7d)d€M0r(Spf).

PROPOSITION 3.11. Let d be a specification morphism from (3,€) to (A, H).
Then there exists a natural isomorphism
d
g = (ei),x)(A,X)eAlg(A,H)><Ter(2,€)
as shown in the following diagram

d* x Id

Alg(A, H) x Ter(X,E) Alg(X, &) x Ter(X,€)
esp,d
Id Xdo = Trspv(zvg)
Alg(A,H) x Ter(A,H) T Set

where, for every (A, X) € Alg(A,H) x Ter(X,€E), 02)7’;1( 18 0§7A, i.e., the
value at (X, A) of the natural isomorphism of the adjunction ]_LD—|A¢,.

From these two last propositions it follows immediately the following
corollary.

COROLLARY 3.12. The quadruple Gpf = (Spf, Alg®P, Ter™P, (Tr*P, 6P)) is
an institution on the category Set, the so-called many-sorted specification
institution, or, to abbreviate, the specification institution.

On the other hand, from the contravariant functor Alg®®, from Spf to
Cat, to the contravariant functor Alg osig®P, between the same categories,
there exists a natural transformation, In, which sends a specification (X, £)
to the full embedding Ins; ¢) of Alg(X, &) into Alg(X). Besides, from the
pseudo-functor Ter o sig, from Spf to Cat, to the pseudo-functor Ter®?,
between the same categories, there exists a (strict) pseudo-natural transfor-
mation, Pr, given by the following data
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1. For each specification (%, ), the projection functor Prg from Ter(X) to
the quotient category Ter(X)/€.

2. For each specification morphism d from (X,€) to (A,H), the identity
natural transformation, denoted in this case by Prqg, from the functor
Pr3; o (Ter osig)(d) to the functor Ter®(d) o Prg, both from Ter(X) to
Ter(A)/H.

Therefore, for the concept of institution morphism as stated, e.g., in [8],
p- 39, we have obtained the following corollary.

COROLLARY 3.13. The pair (sig, (In, Pr)) is a morphism of institutions from
the many-sorted specification institution Spf to the many-sorted term insti-
tution Tm.

REMARK. Since, obviously, Tm is embedded in &pf, taking into account the
corollary just stated, we can assert that Tm is, to be more precise, a retract
of Gpf.
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